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ON EXERCISING EVERY LINK OF A WEB-SITE WITH MINIMAL EFFORT

ABSTRACT
In this paper, the problem of traversing every link of a web-site is considered. Since the number of pages and links is very high in important web-sites, random traversal yields very poor results. This article surveys an algorithm for solving Directed Chinese Postman problem.
1.
INTRODUCTION

      The problem of exercising every link of a web-site has been modeled as Directed Chinese Postman Problem [1]. This article surveys an algorithm for solving the Directed Chinese Postman Problem.
2.
MAPPING THE LINK-EXPLORATION PROBLEM TO DIRECTED CHINESE POSTMAN PROBLEM
 A vertex in the graph corresponds to page and a directed edge represents a link from one page to another. The edges are directed because a link has a direction associated with it. Suppose there is a link from page i to page j. This means that by following the link from page i the browser will go to page j. But the web-site may not have a link from page j to page i.

We construct a weighted digraph  G where each edge represents a link, each vertex represents a page and the weight assigned to each edge represents the time it takes to follow the link. The aim is to find  the optimal tour from a set of directed tours in which all arcs participate at least once .

3.
ALGORITHM FOR SOLVING DIRECTED CHINESE POSTMAN PROBLEM
Here two cases are considered. The given digraph may be Eulerian or non-Eulerian. If the given graph is Eulerian the task is relatively simple. Otherwise, we have to convert the given non-Eulerian digraph into an Eulerian one in an optimal way. First the Eulerian case is considered.

CHARACTERISATION OF AN EULER DIGRAPH :

If all  the vertices are balanced i.e in-degree = out-degree for all vertices, the digraph is  Euler.
a)
ALGORITHM FOR FINDING DIRECTED EULER TOUR IN AN EULER DIGRAPH :

Consider a digraph G in which all the vertices are balanced. Now we construct a walk starting at an arbitrary vertex v and going through the arcs of G such that no arc is traversed more than once. We continue tracing as far as possible. Since every vertex is balanced, we can exit from every vertex we enter; the tracing cannot stop at any vertex but v. And since v is also balanced, we shall eventually reach v when tracing comes to an end. If this closed walk h we just traced includes all the arcs of G, then h is the directed Euler tour we are looking at. If h does not include all the arcs of G, we remove from G all the arcs in h and obtain a subgraph h’ of G formed by the remaining arcs. Since both G and h have all their vertices in balanced condition, the vertices in h’ are also balanced. Moreover, h’ must touch h at least at one vertex a, because G is connected. Starting from a, we can again construct a new walk in graph h’. Since all the vertices of h’ are balanced, this walk in h’ must terminate at vertex a; but this walk in h’ can be combined with h to form a new walk, which starts and ends at vertex v and has more arcs than h. This process can be repeated until we obtain a closed walk that traverses all the arcs of G.
b)
FINDING THE OPTIMAL TOUR IN NON-EULERIAN SITUATIONS :
Suppose the given directed graph is not Eulerian. We duplicate some of the arcs so that the resulting super-digraph is Eulerian.

DUPLICATION OF ARCS

When we duplicate an arc going from vertex i to vertex j , we will include an additional arc from vertex i to vertex j and having the same weight as the original one. In the WWW context, it means that we are going through the link the second time.

OPTIMAL DUPLICATION OF ARCS

Of course, there are many ways in the arcs of a digraph can be duplicated so that the resulting super-digraph is Eulerian. But we are interested only in the optimal duplication of edges – duplicating edges in such a way that the sum of the weights of the arcs that have been duplicated is minimum.

ALGORITHM

STEP I

Find out the vertices that are unbalanced i.e for which in-degree is not equal to its out-degree. We will have two categories A and B. Those vertices which have in-degree greater than their out-degree are placed in category A . Those vertices which have their out-degree greater than their in-degree are placed in category B. Note that A and B are collections because if a vertex v has in-degree = 4 and out-degree = 2, then it will be placed in category A two times. Formally, a vertex is placed  mod( in-degree – out-degree ) times in its appropriate category.
STEP II

Using Floyds algorithm we will have to find out the shortest directed path between every pair of vertices a and b such that a is in A and b is in B.

STEP III

Now assign the vertices in A to the vertices in B in an optimal way. The cost of assigning a vertex a in A to a vertex b in B is the length of the shortest directed path from a to b (which has been computed in the previous step for all such pairs ). The assignment problem can be solved by using the classic Hungarian Method.

STEP IV

Suppose in the optimal assignment , a is assigned to b. All the arcs in the shortest path from a to b are duplicated in the given digraph G. This procedure is repeated for all the assignments. The result is an Euler super-digraph S of the given digraph G.
Since the assignment is made optimally, optimal duplication of the arcs takes place.

STEP V

In the resulting digraph S (which is Euler) we find the Euler tour using the method used for Euler digraphs.

4.
 SIGNIFICANCE OF THE ALGORITHM IN THE CONTEXT OF GLOBAL INTERNET
Consider a website having hundreds of pages and thousands of links. When there is an urgent need to check whether all the links are working properly, random choosing of links may not result in checking all the links. 
The above algorithm makes sure we follow links second time only when the corresponding digraph is non-Eulerian. Also solving the resulting assignment problem makes sure that the checking is done in minimal time. The organized approach presented above makes sure that we do not check a link many times unnecessarily.

5.
CONCLUSION
In the context of the global Internet, there occur several instances in which there is a need to explore all the links of a website. The algorithm for Directed Chinese Postman Problem can be used to find out the order in which links are to be traversed. 
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