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Abstract. The goal of our project is the development of a program synthesis
system to facilitate the development of high-performance parallel programs for
a class of computations encountered in computational chemistry and computa-
tional physics. These computations are expressible as a set of tensor contractions
and arise in electronic structure calculations. This paper provides an overview
of a planned synthesis system that will take as input a high-level specification
of the computation and generate high-performance parallel code for a number of
target architectures. We focus on an approach to performing data locality opti-
mization in this context. Preliminary experimental results on an SGI Origin 2000
are encouraging and demonstrate that the approach is effective.

1 Introduction

The developmentof high-performanceparallelprogramsfor scienti�c applicationsis
usuallyvery time consuming.The time to developan ef�cient parallelprogramfor a
computationalmodelcanbea primarylimiting factorin therateof progressof thesci-
ence.Therefore,approachesto automatedsynthesisof high-performanceparallelpro-
gramsarevery attractive. In general,automaticsynthesisof parallelprogramsis not
feasible.However, for speci�c domains,a synthesisapproachis feasible,as is being
demonstrated,e.g.,by theSPIRALproject[35] for thedomainof signalprocessing.

Our long term goal is to develop a programsynthesissystemto facilitate the de-
velopmentof high-performanceparallelprogramsfor aclassof scienti�c computations
encounteredin computationalchemistryandcomputationalphysics.Thedomainof our
focus is electronicstructurecalculations,asexempli�ed by coupledclustermethods,
wheremany computationallyintensive componentsareexpressibleasa setof tensor
contractions.We plan to develop a synthesissystemthat cangenerateef�cient paral-
lel codefor a numberof targetarchitecturesfrom aninput speci�cationexpressedin a
high-level notation.In thispaper, weprovideanoverview of theplannedsynthesissys-
tem,andfocusonanoptimizationapproachfor oneof thecomponentsof thesynthesis
systemthataddressesdatalocality optimization.

Thecomputationalstructuresthatweaddressarisein scienti�c applicationdomains
that areextremelycompute-intensive andconsumesigni�cant computerresourcesat
nationalsupercomputercenters.Thesecomputationalforms arise in somecomputa-
tional physicscodesmodelingelectronicpropertiesof semiconductorsandmetals[2,
8,28], andin computationalchemistrycodessuchasACESII, GAMESS,Gaussian,
NWChem,PSI,andMOLPRO. In particular, they comprisethebulk of thecomputation
with thecoupledclusterapproachto theaccuratedescriptionof theelectronicstructure



of atomsandmolecules[21,23]. Computationalapproachesto modelingthestructure
andinteractionsof molecules,the electronicandoptical propertiesof molecules,the
heatsandratesof chemicalreactions,etc.,arecrucialto theunderstandingof chemical
processesin real-world systems.

The paperis organizedas follows. In the next section,we elaborateon the com-
putationalcontext of interestandthepertinentoptimizationissues.Sec.3 providesan
overview of thesynthesissystem,identifyingits components.Sec.4 focusesondatalo-
cality optimizationandpresentsanew approachandalgorithmfor effectivetiling in this
context. Sec.5 presentsexperimentalperformancedataon the applicationof the new
algorithm.Relatedwork is coveredin Sec.6, andconclusionsareprovidedin Sec.7.

2 The Computational Context

In theclassof computationsconsidered,the�nal resultto becomputedcanbeexpressed
using a collection of multi-dimensionalsummationsof the productof several input
arrays.Dueto commutativity, associativity, anddistributivity, therearemany different
waysto computethe�nal result,andthey coulddiffer widely in thenumberof �oating
pointoperationsrequired.Considerthefollowing expression:���������	��
��
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If thisexpressionis directly translatedto code(with tennestedloops,for indices57698 ),
thetotalnumberof arithmeticoperationsrequiredwill be :<;>= �*?

if therangeof each
index 596@8 is = . Instead,the sameexpressioncanbe rewritten by useof associative
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Thiscorrespondsto theformulasequenceshown in Fig. 1(a)andcanbedirectly trans-
lated into codeas shown in Fig. 1(b). This form only requires JK;L= �

operations.
However, additionalspaceis requiredto storetemporaryarraysM$N and MPO .

Generalizingfrom theabove example,we canexpressmulti-dimensionalintegrals
of productsof several input arraysasa sequenceof formulae.Eachformulaproduces
someintermediatearrayandthelastformulagivesthe�nal result.A formulais either:
(i) a multiplicationformulaof theform: MRQ�S*T	T%T UWVYXAS�T	T	T UZ;\[]S�T	T%T U , or (ii) a summa-
tion formulaof theform: M^Q0S�T	T%T U+V`_bacXAS*T%T	T U , wherethetermson theright handside
representinputarraysor intermediatearraysproducedby apreviouslyde�ned formula.
Let dcX , d [ and d2MRQ bethesetsof indicesin XAS*T%T	TeU , [9S�T	T	TfU and MRQ�S*T%T	T Uhg respectively.
For a formula to be well-formed,every index in XAS�T	T%T U and []S�T	T%T U , exceptthe sum-
mationindex in thesecondform, mustappearin M^Q0S�T	T%T U . Thus dcXjikd [mlnd2MRQ for
any multiplicationformula,and dcXo6qp1rtsulYd2MRQ for any summationformula.Sucha
sequenceof formulaefully speci�esthemultiplicationsandadditionsto beperformed
in computingthe�nal result.

The problemof determiningan operation-optimalsequencethat is equivalent to
the original expressionhasbeenpreviously addressedby us.We have shown that the
problemis NP-completeandhave developeda pruningsearchprocedurethat is very
ef�cient in practice[17,19,18].

An issueof greatsigni�cancefor this computationalcontext is themanagementof
memoryrequiredto storetheelementsof thevariousarraysinvolved.Often,someof
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(a) Formula sequence

read B(*,*,*,*)
read D(*,*,*,*)
T1(*,*,*,*) = 0
FOR b = 1, Nb
FOR c = 1, Nc
FOR d = 1, Nd
FOR e = 1, Ne
FOR f = 1, Nf
FOR l = 1, Nl
T1(b,c,d,f)

+= B(b,e,f,l) * D(c,d,e,l)
END FOR l, f, e, d, c, b
read C(*,*,*,*)
T2(*,*,*,*) = 0
FOR b = 1, Nb
FOR c = 1, Nc
FOR d = 1, Nd
FOR f = 1, Nf
FOR j = 1, Nj
FOR k = 1, Nk
T2(b,c,j,k)

+= T1(b,c,d,f) * C(d,f,j,k)
END FOR k, j, f, d, c, b
read A(*,*,*,*)
S(*,*,*,*) = 0
FOR a = 1, Na
FOR b = 1, Nb
FOR c = 1, Nc
FOR i = 1, Ni
FOR j = 1, Nj
FOR k = 1, Nk
S(a,b,i,j)

+= T2(b,c,j,k) * A(a,c,i,k)
END FOR k, j, i, c, b, a
write S(*,*,*,*)

(b) Direct implementation (unfused code)

Fig. 1. A sequence of formulae and the corresponding unfused code.

theinput,output,andintermediatetemporaryarraysaretoolargeto �t into theavailable
physicalmemory. Therefore,thecomputationmustbestructuredto operateonmemory
residentblocksof thearraysthataresuitablymovedbetweendiskandmainmemoryas
needed.Similarly, effective useof cacherequiresthatappropriateblockingor tiling of
thecomputationis performed,wherebydatareusein cacheis facilitatedby operating
on thearraysin blocks.

If all arraysweresuf�ciently small,thecomputationcouldbesimply expressedas
shown in Fig. 1(b).Here,all elementsof theinput arrays7 , 8 , 9 , and : are�rst read
in, the threesetsof perfectlynestedloopsperformthe neededcomputations,andthe
resultarray ; is output.However, if any of thearraysis too largeto �t in memory, the
computationmustberestructuredto processthearraysin blocksor “slices.” If, instead
of fully creatingan intermediatearray(like T1) beforeusingit, a portionof thearray
could be createdand usedbeforeother elementsof the array are created,the space
requiredfor the arraycouldbe signi�cantly reduced.Similarly, even for input arrays,
insteadof readingin the entirearray, blocksof the array could be readin and used
beforeotherblocksarebroughtin. A systematicapproachto explorewaysof reducing
the memoryrequirementfor the computationis to view it in termsof potentialloop
fusions.Loopfusionmergesloopnestswith commonouterloopsinto largerimperfectly
nestedloops.Whenoneloop nestproducesanintermediatearraythat is consumedby
anotherloop nest,fusingthetwo loop nestsallows thedimensioncorrespondingto the
fusedloop to beeliminatedin thearray. This resultsin asmallerintermediatearrayand
thus reducesthe memoryrequirements.For the exampleconsidered,the application
of fusion is illustratedin Fig. 2(a). In this case,mostarrayscanbereducedto scalars
without changingthenumberof arithmeticoperations.

For acomputationconsistingof a numberof nestedloops,therewill generallybea
numberof fusionchoicesthatarenotall mutuallycompatible.This is becausedifferent



FOR b = 1, Nb
Sf(*,*,*) = 0
FOR c = 1, Nc
T2f(*,*) = 0
FOR d = 1, Nd
FOR f = 1, Nf
T1f = 0
FOR e = 1, Ne
FOR l = 1, Nl
Bf = read B(b,e,f,l)
Df = read D(c,d,e,l)
T1f += Bf * Df

END FOR l, e
FOR j = 1, Nj
FOR k = 1, Nk
Cf = read C(d,f,j,k)
T2f(j,k) += T1f * Cf

END FOR k, j, f, d
FOR a = 1, Na
FOR i = 1, Ni
FOR j = 1, Nj
FOR k = 1, Nk
Af = read A(a,c,i,k)
Sf(a,i,j) += T2f(j,k) * Af

END FOR k, j, i, a, c
write S(a,b,i,j) = Sf(a,i,j)

END FOR b

(a) Memory-reduced (fused) version

FOR b = 1, Nb
Sf(*,*,*) = 0
FOR cT = 1, Nc, Tc
T2f(*,*,*) = 0
FOR d = 1, Nd
FOR f = 1, Nf
T1f(*) = 0
FOR e = 1, Ne
FOR l = 1, Nl
Bf = read B(b,e,f,l)
Df(*) = read_tile D(cT,d,e,l)
FOR cI = 1, Tc
T1f(cI) += Bf * Df(cI)

END FOR cI, l, e
FOR j = 1, Nj
FOR k = 1, Nk
Cf = read C(d,f,j,k)
FOR cI = 1, Tc
T2f(cI,j,k) += T1f(cI) * Cf

END FOR cI, k, j, f, d
FOR a = 1, Na
FOR i = 1, Ni
FOR j = 1, Nj
FOR k = 1, Nk
Af(*) = read_tile A(a,cT,i,k)
FOR cI = 1, Tc
Sf(a,i,j) += T2f(cI,j,k) * Af(cI)

END FOR cI, k, j, i, a, cT
write S(a,b,i,j) = Sf(a,i,j)

END FOR b

(b) Tiling of the memory-reduced version

Fig. 2. Pseudocodes for (a) the memory-reduced (fused) solution, and (b) a tiled example of the
same solution. In (b), the loop over

�
is split up in a tiling loop

� � , and an intra-tile loop
���

. The
“tile size” is denoted by

� � . The procedure read tile reads
� � elements from a four-dimensional

array on the disk ( � or
4

) into a one-dimensional memory array of size
� � ( � � or

4 � ).

fusion choicescould requiredifferentloopsto be madethe outermost.In prior work,
weaddressedtheproblemof �nding thechoiceof fusionsfor agivenformulasequence
thatminimizedthetotal spacerequiredfor all arraysafterfusion[15,16,14].

Having providedinformationaboutthecomputationalcontext andsomeof theop-
timization issuesin this context, we now provide anoverview of theoverall synthesis
framework beforefocusingon thespeci�c datalocality optimizationproblemthatwe
addressin this paper.

3 Overview of the Synthesis System

Fig.3 showsthecomponentsof theplannedsynthesissystem.A brief descriptionof the
componentsfollows:
Algebraic Transformations: It takes high-level input from the user in the form of
tensorexpressions(essentiallysum-of-productsarrayexpressions)andsynthesizesan
outputcomputationsequence.Theinputis expressedin termsof multidimensionalsum-
mationsof theproductof terms,whereeachtermis eitheranarray, anelementalfunc-
tion with eachargumentsbeingan expressionindex, or an expressioninvolving only
element-wiseoperationsoncompatiblearrays.TheAlgebraicTransformationsmodule
usesthe propertiesof commutativity andassociativity of additionandmultiplication
andthedistributivity of multiplicationover addition.It searchesfor all possibleways
of applyingthesepropertiesto an input sum-of-productsexpression,anddeterminesa
combinationthat resultsin anequivalentform of thecomputationwith minimal oper-
ationcost.Theapplicationof thedistributive law to factora termout of a summation
impliestheneedto usea temporaryarrayto holdanintermediateresult.
Memory Minimization: Theoperation-minimalcomputationsequencesynthesizedby
the AlgebraicTransformationmodulemight requirean excessive amountof memory
dueto thelargearraysinvolved.TheMemoryMinimizationmoduleattemptsto perform
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Fig. 3. The Planned Synthesis System

loop fusion transformationsto reducethememoryrequirements.This is donewithout
any changeto thenumberof arithmeticoperations.
Space-Time Transformation: If theMemoryMinimizationmoduleis unableto reduce
memoryrequirementsof the computationsequencebelow the availabledisk capacity
on the system,the computationwill be infeasible.This moduleseeksa trade-off that
reducesmemoryrequirementsto acceptablelevelswhile minimizingthecomputational
penalty. If no suchtransformationis found,feedbackis providedto theMemoryMin-
imization module,causingit to seeka differentsolution.If the Space-Time Transfor-
mationmoduleis successfulin bringingdown thememoryrequirementbelow thedisk
capacity, theDataLocality Optimizationmoduleis invoked.A framework for modeling
space-timetrade-offs andderiving transformationsis currentlyunderstudy.
Data Locality Optimization: If the spacerequirementexceedsphysicalmemoryca-
pacity, portionsof thearraysmustbemovedbetweendiskandmainmemoryasneeded,
in a way that maximizesreuseof elementsin memory. The sameconsiderationsare
involvedin effectively minimizing cachemisses— blocksof datamustbemovedbe-
tweenphysicalmemoryandthe limited spaceavailablein thecache.In this paper, we
focuson this stepof thesynthesisprocess.Givenanimperfectlynestedloop generated



by the Memory Minimization module,the DataLocality Optimizationmoduleis re-
sponsiblefor generatinganappropriatelyblockedform of the loopsto maximizedata
reusein thedifferentlevelsof thememoryhierarchy.
Data Distribution and Partitioning: The�nal stepis to determinehow bestto partition
thearraysamongtheprocessorsof aparallelsystem.Weassumeadata-parallelmodel,
whereeachoperationin theoperationsequenceis distributedacrosstheentireparallel
machine.Thearraysareto bedisjointly partitionedbetweenthephysicalmemoriesof
theprocessors.Thismodelallowsusto decouple(or looselycouple)theparallelization
considerationsfrom theoperationminimizationandmemoryconsiderations.Theout-
put of this modulewill beparallelcodein Fortranor C. Differenttargetprogramming
paradigmscanbeeasilysupported,includingmessage-passingwith MPI andparadigms
with global shared-memoryabstractions,suchas Global Arrays andOpenMP.Even
with theshared-spaceparadigms,in orderto achievegoodscalabilityonhighly parallel
computersystems,carefulattentionto datadistribution issuesis essential.Thustheun-
derlying abstractionusedin determininggooddatapartitioningdecisionsremainsthe
same,independentof theprogrammingparadigmusedfor the�nal code.

4 Data Locality Optimization Algorithm

Wenow addressthedatalocality optimizationproblemthatarisesin thissynthesiscon-
text. Given a memory-reduced(fused)versionof the code,the goal of the algorithm
is to �nd the appropriateblocking of the loops in order to maximizedatareuse.The
algorithmcanbe appliedat differentlevels of the memoryhierarchy, for example,to
minimizedatatransferbetweenmainmemoryanddisk (I/O minimization),or to min-
imize datatransferbetweenmainmemoryandthecache(cachemisses).In therestof
thepaper, wefocusmostlyonthecachemanagementproblem.For theI/O optimization
problem,thesameapproachcouldbeused,replacingthecachesizeCS by thephysical
memorysizeMS.

Therearetwo sourcesof datareuse:a) temporalreuse,with multiple referencesto
thesamememorylocation,andb) spatialreuse,with referencesto neighboringmemory
locationson thesamecacheline. To simplify thetreatmentin therestof thepaper, the
cacheline size is implicitly assumedto be one.In practice,tile sizesaredetermined
underthis assumption,andthenthetile sizescorrespondingto loop indicesthat index
thefastest-varyingdimensionof any arrayareincreased,if necessary, to equalthecache
line size.In addition,othertilesmaynedto besizeddown slightly sothatthetotalcache
capacityis notexceeded.

We introducea memoryaccesscost model (Cost), that estimatesthe numberof
cachemisses,asafunctionof tile sizesandloopbounds.For eachloop— eachnodein
theparsetreerepresentation— wecountthenumberAccesses of distinctarrayelements
accessedin its scope.If thisnumberis smallerthanthenumberof elementsthat�t into
thecache,thenCost = Accesses. Otherwise,it meansthattheelementsin thecacheare
not reusedfrom oneloop iterationto thenext, andthecostis obtainedby multiplying
thecostof theinnerloop(s)— child node(s)in theparsetree— by theloop range.

To illustratethe costmodel,we considerthe fusedcodepresentedin Figure2(a).
The correspondingparsetreein Figure4(a) shows the nestingstructureof the loops.
For the subtreerootedat node 8 , thenumberof elementsaccessedin the 8 loop is = �
for the arrays 8 and : , and1 for the array M$N , for a total of O = � � N accesses.The
computationof thenumberof accessesat thenext nodein theparsetree � (next loop
nestinglevel) dependson therelativesizeof O = � � N with respectto thecachesizeCS.
If O = � � N�� 9 ; , therecanbenoreuseof thearrayelementsfrom oneiterationof � to
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Fig. 4. Parse trees for the fused loop structure shown in Figure 2(a).

thenext. Therefore,thenumberof accessesfor thesubtreerootedat � is = � SFO = � � N1U .
However, if O = � � N � 9 ; , thereis the possibility of datareusein the � loop. The
numberof elementsaccessedin the � loop is = ��� = � for thearrays8 and : , and1 for
thearrayM$N (thesameelementof M$N is repeatedlyaccessed),for atotalof O � = � � = � � N
accesses.The new costis againcomparedto CS, andthenthe next nodein the parse
treeis considered.

In practice,theproblemhastwo additionalaspects:theparsetreehasbranches(a
parentnodewith multiple children nodes,correspondingto an outer loop with sev-
eral adjacentinner loops),andeachnodein the tree is split into a parent-childpair,
correspondingto a tiling loop node,andan intra-tile loop node.Figures4(a)and4(b)
presentthe parsetreesfor the samecomputation,performedwithout and with loop
tiling, respectively. For a given = -nodeuntiled parsetree,the datalocality optimiza-
tion algorithmproceedsasfollows: �rst, eachnodeis split into a tiling/intra-tile pair.
Subsequently, theresultingO = -nodeparsetreeis transformedby looppermutationand
intra-tile loop �ssion into anequivalentparsetreewith thepropertythatany tiling loop
is exterior to any intra-tile loop (Figure4(b)). Then,we pick startingvaluesfor the =
tile sizes,thus�xing theloop rangesfor the O = nodesin theparsetree(if theoriginal
rangeof a loop is = a , choosinga tile size M a for the intra-tile loop also�x estherange= a�� M a of thetiling loop).

We thusobtaina O = -nodeparsetreewith well-de�ned loop ranges.Using a re-
cursive top-down procedure,we computethememoryaccesscostfor thecomputation
(Figure5) by traversingthecorrespondingnestingtree.Eachnodeis associatedwith a
loop index LoopIndex, a booleanvalueExceed that keepstrack of thenumberof dis-
tinct accessesin theloopscopein relationto thecachesizeCS, a list of arraysArrayList
accessedin its scope,anda memoryaccesscostCost. Thecoreof thealgorithmis the



Node: �
Index LoopIndex
boolean Exceed
int Cost
Node[] Children
Array[] ArrayList

�
Array: �

Index[] Indices
int Accesses

�

boolean ContainIndex (Array
5

, Index LoopIndex
� �

� T if LoopIndex � 5��
Indices; F otherwise �

InsertArrayList (Node � , Node � )
foreach Array

5 ��� � ArrayList
if
��5 ��� � ArrayList

�
then

� � ArrayList � � � ArrayList � 5

ComputeCost (Node � ):� � ArrayList = NULL� � Cost = 0� � Exceed = F
foreach Node �	�
� � Children

ComputeCost
� � �

InsertArrayList
� � � � �

if ( � � Exceed) then � � Exceed = T
if ( � � Exceed) then

foreach Node �	��� � Children� � Cost += � � Cost ��� � Index.Range
foreach Array

5 ��� � ArrayList5��
Accesses � 5��

Accesses ��� � Index.Range
else

int NewCost = 0
foreach Array

5 ��� � ArrayList
if (ContainIndex (

56� � � LoopIndex)) then
NewCost +=

5��
Accesses ��� � Index.Range

else NewCost +=
5��

Accesses
if
�
NewCost 
 CacheSize

�
then

� � Exceed = F� � Cost � NewCost
foreach Array

5 �
� � ArrayList
if (ContainIndex (

56� � � LoopIndex)) then5��
Accesses *= � � Index.Range

else� � Exceed = T
foreach Array

5 �
� � ArrayList5��
Accesses *= � � Index.Range� � Cost +=

5��
Accesses

Fig. 5. ProcedureComputeCost for computingthememoryaccesscostby a top-down
recursive traversalof theparsetree.

procedureComputeCost, presentedin a pseudo-codeformat in Figure5. Compute-
Cost (Node X ) computesthememoryaccesscostof a sub-treerootedat X , usingthe
costmodelbasedon the countingof distinct arrayelementsaccessedin the scopeof
the loop. The procedureoutlinesthecomputationof X TCost for the generalcaseof a
branchedsub-treewith any numberof childrennodes.

Using this costmodel,we arrive at a total memoryaccesscost for the O = -node
parsetreefor given tile sizes.The procedureis thenrepeatedfor differentsetsof tile
sizes,andnew costscomputed.In theendthe lowestcostis chosen,thusdetermining
the optimal tile sizesfor the parsetree. We de�ne our tile size searchspacein the
following way: if = a is a loop range,we usea tile sizestartingfrom M a V N (no tiling),
andsuccessively increasingM a by doublingit until it reaches= a . This ensuresa slow
(logarithmic)growth of thesearchspacewith increasingarraydimensionfor large = a .
If = a is smallenough,anexhaustivesearchcaninsteadbeperformed.

5 Experimental Results

In this section,we presentresultsof an experimentalperformanceevaluationof the
effectivenessof the datalocality optimizationalgorithmdevelopedin this paper. The
algorithmfrom Section4 wasusedto tile thecodeshown in Figure1(b).Measurements
weremadeon a singleprocessorof a Silicon GraphicsOrigin 2000systemconsisting
of 32300MHzIP31processorsand16GBof mainmemory. EachprocessorhasaMIPS
R12000CPUanda MIPS R12010�oating point unit, aswell as64KB on-chipcaches
(32KB datacacheand32KB instructioncache),anda secondary, off-chip 8MB uni-
�ed data/instructioncache.The tile sizeselectionalgorithmpresentedearlierassumes
asinglecache.It canbeextendedin astraightforwardfashionto multi-level caches,by
multi-level tiling. However, in orderto simplify measurementandpresentationof ex-
perimentaldata,we choseto applythealgorithmonly to thesecondarycache,in order
to minimize the numberof secondarycachemisses.For eachcomputation,we deter-
mined the numberof missesusing the hardwarecounterson the Origin 2000.Three
alternativeswerecompared:



� Memory requirement Performance (MFLOPs) Cache misses
TA FUS UNF TA FUS UNF TA FUS UNF

0.2 8MB 30KB 32MB 484 88 475
� � �,� �*?�� � � �,� �*?�� � � �,� �*?��

0.4 8MB 0.2MB 0.5GB 470 101 451
� � � � �*?�� � � �,� �*?�� � � �,� �*?��

0.5 8MB 0.5MB 1.2GB 491 80 460
� � 	,� �*?�� � � �,� �*?�
 � � � � �*?��

0.6 8MB 0.8MB 2.6GB 477 97 407
� � �,� �*?�� � � �,� �*?�
 � � �,� �*?��

0.7 8MB 1.3MB 4.8GB 482 95 N/A
� � ? � �*?�� � � ? � �*?�


N/A
0.8 8MB 1.9MB 8.2GB 466 83 N/A

� � 	,� �*?�� � � 	,� �*?�

N/A

1 16MB 3.7MB 20GB 481 92 N/A
� � �,� �*?�� � � 	,� �*?���


N/A
1.2 48MB 6.5MB 41GB 472 98 N/A

� � �6� �*?�
 � � �,� �*?���

N/A

1.4 80MB 10MB 77GB 486 85 N/A
� � �,� �*?�
 � � �,� �*?���


N/A
1.6 120MB 15MB 131GB 483 82 N/A

� � �,� �*?�
 � � �,� �*?����
N/A

1.8 192MB 22MB 211GB 465 77 N/A
� � �6� �*?�
 � � �,� �*?����

N/A
2 240MB 29MB 318GB 476 79 N/A

� � �6� �*?�
 � � ? � �*?����
N/A

Table 1. Performance data for fusion, plus tiling algorithm (TA), compared with performance
data for fused alone (FUS), and unfused loops (UNF).

– UNF: noexplicit fusionor tiling
– FUS:useof fusionalone,to reducememoryrequirements
– TA: useof fusion,followedby tiling usingalgorithmpresentedin Section4

Wechosevariousarraysizesfor theproblemto testthealgorithmfor arangeof calcula-
tionstypical in sizefor computationalchemistrycodes:= a V = " V`= $ V = � V : ��� ,= / V = � V = � V = 
 V�� ����� , and = � V = 
 V�� ��� , for

�
runningfrom 0.2 to 2

(Table1). For larger
�
, somearrays(e.g., M$N ) aresolargethatthethesystem's virtual

memorylimit is exceeded,so that loop fusion is necessaryto bring the total memory
requirementsunderthelimit.

The codeswereall compiledwith the highestoptimizationlevel of the SGI Ori-
gin 2000FORTRAN compiler(-O3 ). Theperformancedatawasgeneratedover mul-
tiple runs,andaveragevaluesare reported.Standarddeviationsare typically around
10MFLOPs.Theexperimentswererun on a time-sharedsystem;sosomeinterference
with otherprocessesrunningat the sametime on themachinewasinevitable,andits
effectsareespeciallypronouncedfor thelarger

�
tests.

Table1 shows the memoryrequirement,measuredperformance,and the number
of secondarycachemissesgeneratedby the threealternatives.The mainobservations
from theexperimentare:

– The total memoryrequirementis minimizedby fusion of the loopsover � , � , � ,
and � (FUS),bringingall four-dimensionalarrays(e.g., MPO ) down to at mosttwo
explicit dimensions.However, thememoryrequirementof fusionplusthetiling al-
gorithm (TA) is not muchhigher, sincethe tiling loopsarefused,andthe arrays
arereducedto muchsmaller“tile” sizes.TheUNF versionhassigni�cantly higher
memoryrequirementssinceno fusionhasbeenappliedto reducetemporarymem-
ory requirements.As

�
is increased,theUNF versionrequiresmorememorythan

theper-processvirtual memorylimit on thesystem.
– The maximally fusedversion(FUS) hasthe lowestmemoryrequirement,but in-

cursa severeperformancepenaltydueto theconstraintsimposedon theresulting
loopsthat preventseffective tiling andexploitation of temporalreuseof someof
thearrays,which leadsto a highernumberof cachemisses,asshown in Table1.

– TheTA andUNF versionsshow comparableperformancefor smaller
�
. TheSGI

compileris quiteeffective in tiling perfectlynestedloopssuchasthesequenceof



threematrix-matrixproductspresentin the UNF version.The performanceusing
theBLAS library routineDGEMM wasfound to be thesameasthatof theUNF
versionwith a sequenceof threenestedloopscorrespondingto the threematrix
products.

6 Related Work

Much work hasbeendoneon improving locality andparallelismthroughloop fusion.
Kennedyandco-workers[11] have developedalgorithmsfor modelingthe degreeof
datasharingandfor fusing a collectionof loopsto improve locality andparallelism.
SinghaiandMcKinley [29] examinedthe effectsof loop fusion on datalocality and
parallelismtogether. Althoughthis problemis NP-hard,they wereableto �nd optimal
solutionsin restrictedcasesandheuristicsolutionsfor thegeneralcase.Gaoet al. [6]
studiedthecontractionof arraysinto scalarsthroughloop fusionasa meansto reduce
arrayaccessoverhead.Their studyis motivatedby datalocality enhancementandnot
memoryreduction.Also, they only consideredfusionsof conformableloop nests,i.e.,
loopneststhatcontainexactly thesamesetof loops.

However, the work addressedin this paperconsidersa different useof loop fu-
sion, which is to reducearraysizesandmemoryusageof automaticallysynthesized
codecontainingnestedloopstructures.Traditionalcompilerresearchhasnotaddressed
this useof loop fusion becausethis problemdoesnot arisewith manually-produced
programs.Recently, we investigatedtheproblemof �nding optimal loop fusion trans-
formationsfor minimizationof intermediatearraysin thecontext of theclassof loops
consideredhere[15]. To thebestof our knowledge,thecombinationof loop tiling for
datalocality enhancementand loop fusion for memoryreductionhasnot previously
beenconsidered.

Memory accesscost can be reducedthrough loop transformationssuchas loop
tiling, loop fusion,andloop reordering.Althoughconsiderableresearchon loop trans-
formationsfor locality hasbeenreportedin theliterature[22,24,33], issuesconcerning
theneedto useloopfusionandlooptiling in anintegratedmannerfor locality andmem-
oryusageoptimizationhavenotbeenconsidered.Wolf etal. [34] considertheintegrated
treatmentof fusionandtiling only from thepoint of view of enhancinglocality anddo
not considerthe impactof the amountof requiredmemory;the memoryrequirement
is a key issuefor theproblemsconsideredin this paper. Loop tiling for enhancingdata
locality hasbeenstudiedextensively [27,33,30], and analyticmodelsof the impact
of tiling on locality have beendeveloped[7,20,25]. Recently, a data-centricversion
of tiling calleddatashacklinghasbeendeveloped[12,13] (togetherwith morerecent
work by Ahmedetal. [1]) whichallowsa cleanertreatmentof locality enhancementin
imperfectlynestedloops.

Theapproachundertakenin this projectbearssimilaritiesto someprojectsin other
domains,suchastheSPIRAL projectwhich is aimedat thedesignof a systemto gen-
erateef�cient librariesfor digital signalprocessingalgorithms[35]. SPIRALgenerates
ef�cient implementationsof algorithmsexpressedin adomain-speci�clanguagecalled
SPLby asystematicsearchthroughthespaceof possibleimplementations.Severalfac-
torssuchasthelackof aneedto performspace-timetrade-offs rendersthetaskfacedby
effortssuchasSPIRALandFFTW[5] lesscomplex thanwhatcomputationalchemists
face.Otherefforts in automaticallygeneratingef�cient implementationsof programs
includethetelescopinglanguagesproject[10], theATLAS [32] projectfor deriving ef-
�cient implementationof BLAS routines,andthePHIPAC [3] andTUNE [31] projects.



Recently, usingaverydifferentapproach,weconsideredthedatalocality optimiza-
tion problemarisingin this synthesiscontext [4]. In thatwork, we developedan inte-
gratedapproachto fusion andtiling transformationsfor the classof loopsaddressed.
However, thatalgorithmwasonly applicablewhenthesum-of-productsexpressionsat-
is�ed certainconstraintsontherelationshipbetweenthearrayindicesin theexpression.
Thealgorithmdevelopedin this paperdoesnot imposeany of therestrictionsassumed
in [4]. It takesa very differentapproachto effective tiling — �rst performfusion to
minimizememoryrequirements,followedby a combinationof loop �ssion, tiling and
arrayexpansiontransformationsto maximizedatareuse.

7 Conclusion

This paperhasdescribeda projecton developinga programsynthesissystemto facili-
tatethedevelopmentof high-performanceparallelprogramsfor aclassof computations
encounteredin computationalchemistryandcomputationalphysics.Thesecomputa-
tions are expressibleas a set of tensorcontractionsand arisein electronicstructure
calculations.Thepaperhasprovidedanoverview of theplannedsynthesissystemand
haspresenteda new optimizationapproachthat canserve asthebasisfor a key com-
ponentof thesystemfor performingdatalocality optimizations.Preliminaryresultsare
veryencouragingandshow thattheapproachis effective.
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